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Introduction
Computed Tomography (CT) technique [1] was developed as an important medical diagnostic tool, by which the tomographic images (slice) of the source are reconstructed from its projections. Recently, CT techniques have also been applied to the fields of scientific instrumentation or industrial measurements. We have applied the CT technique to obtain tomographic pictures of the burn region in laser fusion experiments [2] [3] [4] . The difficulty of laser fusion CT compared with medical X-ray CT is its small number of projections because of limited observing ports [2] . Usually we have to reconstruct the source image from only 5 or 6 projections.
It is clear that the filtered back-projection method [5] , which is one direct (not iterative) method and favored by the majority of manufactures of CT equipment, cannot be used for reconstruction with limited angular projections. In our previous works, we successfully applied the algebraic reconstruction technique (ART) [6] , which is an iterative method, to reconstruct the burn region from 5 projections [3] . The ART or other iterative methods had an advantage due to the possibility of incorporating constraints in the reconstruction. But the ART is very sensitive to the noise contained in the projections.
We also proposed some heuristic methods such as genetic algorithm [7] , simulated annealing [8] and neural network [8, 9] for reconstruction with limited angular projections. Though the proposed heuristic methods are very robust and show great potential for the reconstruction with limited angular projections, they require excessive computation time. Especially, when the image size is large, computation cost is high since these methods directly estimate the whole pixel values.
In this paper, we will propose a Fourier series-based method of CT image reconstruction [9] . We express a given source image as a Fourier series and then we estimate the coefficients from the projections instead of the pixel values by using a heuristic method. The parameters to be estimated can be significantly reduced. Furthermore, we apply the pyramid model to the proposed method, resulting in significant improvements of convergence and computation cost. The simulation results show that the
Traditional reconstruction techniques
Computed tomography (CT) is one of the inversion techniques to estimate a source image from its several projections. The projection geometry is shown in Fig.1 .
Fig.1. Projection geometry of CT.
For simplicity, we consider a two-dimensional case here. f(x,y) and P  are, respectively, a two dimensional emission source image (burn region) and a one-dimensional projection obtained with a projection angle. If the self-absorption of x-rays in laser-produced plasma is negligible, the projection is given as a line integral:
In order to reconstruct the source image from such projections obtained at different viewing directions, many methods have been proposed and used. Two typical methods are summarized in the following:
A) Filtered back-projection method (FBP) [5] This method is favored by the majority of manufacturers of CT equipment. The method requires that each projection be convolved with a one-dimensional filter function, yielding a filtered projection. These filtered projections are then back-projected and summed to yield the source image. But in order to obtain a satisfactory reconstruction, a large number of projections taken at different projection angles (typically a few hundred) is required. B) Algebraic reconstruction technique (ART) [6] The ART usually needs fewer projections for a stable reconstruction than do the Fourier convolution technique. The updating equation is shown in Eq. (2): 
We should note that the noise will be amplified when k p is small.
CT reconstruction based on Fourier series

Image model
Any periodic function can be expanded to a Fourier series. Since the bounded image can be regarded as a periodic function, we can express the source image in a Fourier series as:
where the function ( )
is given in the polar coordinates, the size of image is 2R, K is the order of the series, and θ k b are Fourier coefficients which can be used to represent the source image. Since the image is expressed in the polar coordinates, it should be transformed to Cartesian coordinates. The coordinate transformation is done by a linear interpolation as shown in Fig. 2 and Eq. 5. resolution should be better than 5 µm, which is a reasonable resolution for observing the burn region.
Fig.2. Linear interpolation for the coordinate transformation
In the reconstruction process, we just need to estimate the coefficients. The number of parameters to be estimated is:
This is independent of the image size. 
Cost function
The Fourier parameters can be estimated by minimizing the mean square error between the observed projections p and the projections of the estimated reconstruction. If the number of projections is limited, the parameter estimation from the projections is an under-determined problem or ill-posed problem. There may be many solutions (local minima). In order to select an optimal solution (global minimum), we have to use some a priori knowledge as constraints such as smoothness. Here we propose to use a Laplacian [11] . The cost function is given by
where we note that the cost is similar in form to the Tikonov-Miller regularization.
Reconstruction algorithm by simulated annealing
There are many methods known to minimize Eq. (8) . Since the conventional gradient methods require a good initial estimate in order to avoid a local minimum, here we use simulated annealing (SA) [12] , one of heuristic methods to solve the problem. The SA algorithm is an optimization technique based on calculation of state function in statistical mechanics. The technique which can be applied to any minimization or learning process based on successive update steps (either random or deterministic) where the update step length is proportional to an arbitrarily set parameter which can play the role of temperature.
A flowchart of a simulated annealing for the proposed method is shown in Fig.4 . 
) and Dr is random value from 0 to 1. 
The Pyramid model
Though the proposed Fourier-series-based method can significantly reduce the number of parameters to be estimated, it suffers from huge computation cost. In order to speed up the convergence, we apply a pyramid model to the proposed method. The basic idea of the pyramid model is shown in Fig. 5 . We start the reconstruction from a low-resolution level (larger θ ∆ ) since it is easy to find the optimum solutions for the image with less parameters. As the image with smaller size (low resolution, larger θ ∆ ) is reconstructed, the reconstructed image is expanded to an image with larger size (higher resolution, smaller θ ∆ ) which is used as an initial estimate of the high-resolution level. The reconstruction process is repeated in the higher resolution level. Since we can start with an initial estimate near optimum solutions for each resolution level even for the highest resolution level, we can easily find optimum solutions (reconstructions) with higher resolution. The parameters for each resolution level are shown in Table 1 .
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Computer simulations
In order to validate the capability of the proposed method, we carried out computer simulations. Two typical phantoms shown in Fig. 6 are used to simulate the burn region. The first one (Fig. 6(a) ) has two hot core with different amplitude and the second one (Fig. 6(b) ) has a hot core, which is shifted from the center, surrounded by a flat cold plasma with a relatively sharp edge. Each phantom consists of 65x65 pixels.
(a) (b) Fig.6 . Two phantoms used to simulate the burn regions.
Simulation results with or without constraint
We first validate the applicability of the constraint. The reconstructed images without ( 0 = λ ) and with ( 100 = λ ) constraint are shown in Fig.7 (a) and 7(b), respectively.
A Fig. 9 (a), 9(b) and 9(c), respectively.
As shown in Fig. 8 and Fig. 9(a) , both projection errors (the first term in Eq. (8) ) are very different. Only in the case with constraint, the second term in Eq. (8) was minimized and an optimum reconstruction was obtained. It is clear that there are many solutions (local minima), if we only minimize the projection error. An optima solution (global minimum) can be selected by use of the Laplacian constraint. Thus, we can say that the constraints are very important for reconstruction with limited number of angular projections.
Simulation results with noise
In order to validate the capability of the proposed method noise, we add Gaussian noise to each projection in the presence of. Simulations are done for three cases: S/N=20 [dB], S/N=40[dB] and S/N= (without noise). The phantoms included noises and the simulation results for first and second phantoms are shown in Fig. 10 and Fig. 11 , respectively. In order to make comparison, we also included the results obtained by ART as a conventional method. In the cases of S/N= 40 [dB] and S/N= , the reconstructed images by ART method and proposed method can be obtained. On the other hand, in the case of S/N= 20 [dB], the reconstructed image by ART is distorted by the noise while the one by the proposed method can be clearly obtained. Furthermore we quantitatively evaluated the robustness of the noise by the proposed method. The image errors vs. S/N are summarized in Fig.12 . When the noise is not included to the phantom (S/N= ), the conventional method (ART) is slightly better than the proposed method. On the other hand, the error of the conventional method (ART) is approximately 6 times larger than the one of the proposed method. Therefore it can be seen that the proposed method is far more robust to the noise.
Convergence and computation time
The reconstruction errors with or without pyramid model are shown in Fig.13 with a solid curve and a dashed curve, respectively. It is evident that the proposed pyramid model speeds up the convergence. Since the computation time for each iteration is proportional to the image size and the number of parameters, the computation time is significantly reduced by introducing the pyramid model. Comparison of computation time is shown in Fig.14 . It can be seen that it takes approximately 700 sec to be less than 10% image error in case of the pyramid model. On the other hand, in case of the nonpyramid model, it takes approximately 1400 sec. Therefore, the pyramid model can reduce computation time to obtain the reconstructed image.
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Summary
We proposed a new method based on Fourier series for CT image reconstruction with limited angular projections. A source image is represented as a Fourier series and the reconstruction is made by estimation of the Fourier coefficients. Simulated annealing with a Laplacian constraint is used to estimate the coefficients. The applicability of the proposed method was demonstrated by computer simulations. The simulation results showed that the proposed method is very robust to noise and the constraint is very effective for reconstruction with limited projections. The computation time was significantly reduced to a reasonable time (about 100s) by use of the pyramid model.
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